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Abstract. In this note, we will look at the cohomology of (quasi) coherent
sheaves. We also discuss Čech cohomology and discuss Serre’s vanishing theorem.

“I just love sheaves. They have algebra this way (and he sliced his hand up and down)
and topology this way (and he sliced his hand left to right)” - Donald C. Spencer

This note is a ready waste basket if you are looking for (much) details.
It would be a good idea for us to define quasi-coherent and coherent sheaves (see [1]).
We define the sheaf over X as OX , then the sheaf of OX-modules make a quasi-
coherent sheaf F which can be restricted on an open sub-scheme Ui ⊂ X as

FM ≡ M̃ (1)

where M̃ is sheaf defined over the module of the ring R. Locally, quasi-coherent
sheaves are the sheaves of the modules over the ring. A morphism between a quasi-
coherent sheaf on a scheme X to another is given by the OX morphisms.

We can define a coherent sheaf similarly except we need a further condition that
R−module M should be finitely generated. For the Noetherian scheme, a finitely
generated quasi-coherent sheaf will automatically be a coherent sheaf. But for non-
Noetherian schemes, it is not guaranteed. That is why, one should be careful defining
coherent sheaf as quasi-coherent sheaf which is finitely generated, which is not always
true.

The quasi-coherent sheaves on a scheme X form an abelian category and this can
be proved if it can be shown that it forms a subcategory of an abelian category.1 Let
us call the category of quasi-coherent sheaves as QCoh(X) on a scheme X. It can be
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1This is always a better option to do. If one proves that a subgroup of a group exists and if the

group is abelian, then the subgroup is also abelian.
1



2 A VERMA

shown that is a sub-category of the abelian category ModOX

QCoh(X) ⊂ ModOX
. (2)

Proposition. The category of coherent R−modules is a subcategory of an abelian
category of R−modules.

Now, let us take a basic look at the Čech Cohomology. We will introduce ‘nice’
cover U = {Ui} on X. Then, we can introduce p-cochains for the presheaf F as

Cp(U ,F) =
∏

α<β<γ<···<σ

F(Uαβγ···σ) (3)

where Uαβγ···σ = Uα∩Uβ ∩· · ·∩Uσ and α, β, γ · · · are well ordered. The co-boundary
map is defined as δ : Cp(U ,F) → Cp+1(U ,F) which is a map from p-cochain to
(p + 1)-cochain. A simple exercise is to show that δ2 = 0. Each co-chain will take
values in F .

We can define a sequence

0 // F ϵ // C0(U ,F)
δ // C1(U ,F)

δ // C2(U ,F)
δ // · · · · · · δ // Cp(U ,F)

(4)
which is exact and where ϵ is defined by the restriction F(X) → F(Ui). Now, one
can set Hp(U ,F) = Hp(Cp(U ,F)). We can now take the inductive limit, as Serre
defined [2], and get Ȟ(X,F) as

Ȟ(X,F) = lim
−→

Hp(U ,F) (5)

which is an inductive limit taken over the open covers of X. The covers are ordered
by refinement and two covers are equivalent if they refine each other. One can show
now that the cohomology group Ȟp and Hp are in isomorphism2 with each other.

A very interesting theorem is provided by Leray which shows an isomorphism
between a cohomology with coefficients in a sheaf and the Čech cohomology.

Theorem 1 (Leray). For a sheaf F of abelian groups on X and open cover U on X
such that H i(Uα ∩ Uβ ∩ · · · ∩ Uσ,F) = 0 for p > 0. Then

Ȟ(U ,F) = Hp(X,F) (6)

and so the natural maps of both sides will be isomorphic.

Proof. See Harstshone [3]. □

Now, we move on to the Serre’s vanishing theorem. We will consider nice spaces.

2Better understood in a more apt language of functors.
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Theorem 2 (Serre). For any affine (separated)3 scheme X and a quasi-coherent
sheaf F on X, we have

Hp(X,F) = 0 for p > 0 (7)

For the proof of this theorem, one takes the injective R-modules. Then the (asso-
ciated) quasi-coherent OX-module M̃ is flasque (or flabby). It is convenient to work
with flasque sheaves cause their sections extend and are very helpful in defining sheaf
cohomology.

A sheaf F is called flasque, if for any open subset U ⊂ X, the restriction map
F(X) → F(U) is surjective [4,5]. On an affine schemeX, any invectiveOX-module is
flasque. It is important to remark that flasque sheaves have trivial higher cohomology
and quasicoherent sheaves are not always flasque sheaves.

An important lemma is to prove that an open covering U on a separated scheme
X and a quasi-coherent sheaf F on X, we have Hp(X,Cp(U ,F)) = 0 for p > 0.
(For proof see [5, 6]) By the property of X which is sepratedness, one can prove
Serre’s vanishing theorem now. Some details of resolution by flasque sheaves are also
required.

A Side Remark. We know that the cohomology with coefficients in a sheaf is iso-
morphic to Čech cohomology, i.e., Ȟ(U ,F) = Hp(X,F). In particular, when the
presheaf F = R is a constant sheaf, then there is a natural isomorphism between the
sheaf cohomology and de Rham cohomology

HdR(X) = H(X,R) (8)

where X is now a smooth manifold. One can now always show that the Čech coho-
mology Ȟ(U ,R) can also be given by de Rham cohomology HdR(M).
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3So any finite intersection of the open covers is still affine.
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