CHAPTER 3

Innocent (Commutative) Algebra

“The introduction of the cipher 0 or the group concept was general nonsense
too, and mathematics was more or less stagnating for thousands of years
because nobody was around to take such childish steps...”

- Alexander Grothendieck (in his 1982 letter to Ronald Brown)

“Taking a new step, uttering a new word, is what people fear most.”
- Fyodor Dostoevsky, Crime and Punishment

3.1. It will not be possible for us to discuss the complete (basic) algebra. We will assume
some knowledge and this chapter should be treated to recall some of the basic facts. If one
is not comfortable with algebra of rings, fields, vector spaces (and modules), then one may
refer to [1,2]. Even though the chapter is set for algebra, we take some irregular detours to
other parts of mathematics.

1. Some Preliminaries

DEFINITION 3.2 (Subset). For two sets S and T we say that S is a subset of T if each
element of S is also an element of T, i.e. if SC TV x € S we have x € T .
Simultaneously, we can also say that T contains S which can be writtenas 7' 2 S. If S C T
and S # T hold, then we write S C T and we say that S is a proper subset of T.

REMARK 3.3. Two sets are equal iff each is a subset of the other. In symbolic notation:
(A=B)& (ACB)AN(BCA)

DEFINITION 3.4 (Cartesian Product). Consider a given family of sets (S;)icr), where I
denotes the index set, then the cartesian product denoted as [[,S;, of the family of given
sets is the set of all functions f from the index set I with f; in each S;, for each j € I.
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For a finite family of sets, we can define the Cartesian Product as:
HSZ = {<31782a837"' asn) | Si € S’i7 Vi € {1a2737"' an}}

DEFINITION 3.5 (Relation). A relation is a subset of the cartesian product of two sets that
helps to establish a connection between the elements of the sets. Given a set X, a relation
R over X is a set of ordered pairs of elements from X:

RC{(z,y) | z,y € X} (1)

DEFINITION 3.6 (Injection, Surjection and Bijection). A function f : S < T is injective
or one-to-one if no element of T (no second coordinate) appears in more than one ordered
pair. Such a function is called an injection. A function f : S — T is surjective or onto if
every element of T appears in an ordered pair. Such a function is called a surjection.

A function that is both surjective and injective is said to be bijective. Bijective functions
are called bijections.

3.7. One should be careful that all of these definitions are apt for set theoretic foundations
only. We would revise most of these definitions in future sections, especially in category
theory.

DEFINITION 3.8 (Equivalence Relation). A binary relation’ ~ on a set is said to be an
equivalence relation, iff it is reflexive, symmetric and transitive. An equivalence class of an
element a is defined as:

[a| ={x € X: a~ua}. (2)
The set of all equivalence classes in X with respect to an equivalence relation R is denoted

as X/R and is called X modulo R.

3.9. Let us write the axioms” for reflexive, irreflexive, symmetric, anti-symmetric, asym-
metry and transitive relations.

Reflexive: Va, a ~ a

Symmetric: Va,b, a ~b = b~a
Transitive: Va,b,c, a~bandb~c = a~c
Asymmetry: Va,b, a~b — - b~a
Anti-symmetry: Va,b, a~b, b~a = a=0
Irreflexive: Va, —a ~ a (for example (R, <))

"n formal logic, a predicate or relation is an n-ary symbol and so is an operation. Binary operation is
just an example of n-ary operations.

2Given any relation, there are some properties that we list down which are called axioms. For instance,
axioms of (R, <) counsists of reflexivity, anti-symmetry, and transitivity.
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REMARK 3.10. The symbol ‘=’ denotes the negation statement.

DEFINITION 3.11 (Congruence Relation). If a and b have the same remainder when they
are divided by a non-zero integer m, then we say that a is congruent to b mod m, represented
as:

a = b(mod m) (3)

Congruence modulo m is an equivalence relation which is compatible with the operations of
addition, subtraction, and multiplication.

DEFINITION 3.12 (Residue Class). The residue class of a mod m is denoted as [a], where
[a] represents the set of all integers that are congruent to a modulo m.

DEFINITION 3.13 (Partial Order and Total Order). The reflexive, antisymmetric and tran-
sitive relation R is called a partial order relation and R is said to define a partial ordering
of §. The addition of the trichotomy law to the set of axioms of the partial order, defines
the total order.

Hence, for a set S to be totally(/partially) ordered, it must have a relation R on it with
the total(/partial) order.

ExAMPLE 3.14. (R, <) is an example of strict linear order which is total ordered and (R, <)
is an example of linear order which is partially ordered.

LEMMA 3.15 (Kuratowski-Zorn Lemma a.k.a. Zorn’s Lemma). If every totally ordered
subset of a poset S has an upper bound, then § contains a maximal element.

2. Algebraic Structures

DEFINITION 3.16 (Algebraic Structure). An algebraic structure is defined as a non-empty
set that forms the closure with at least one operation, denoted as (.S, %), where S denotes
the non-empty set and * defines the operation.

In accordance with the above definition, any non-empty set with an operation will form an
algebraic structure and with the duality principle, will also possess a geometrical interpre-
tation.

DEFINITION 3.17 (Semigroup and Monoid). A semigroup is an algebraic structure equipped
with a binary operation and satisfying associativity.

A monoid is a semigroup fulfilling the existence of a unique identity. For example, (R, +,0).

3.18. A group can be seen as a set of symmetries of any objects. And symmetries, on the
other hand, will be defined as mapping an entity to itself, while preserving the structure.
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DEFINITION 3.19 (Group). A group is a set G with a binary operation G x G — G, usually
written as

(a,b) = a+b,a x b,ab, or a- b, (4)

and must follow the following axioms:

(1) 3 a unique identity (e, 1, or 0) such that ea = a = ae
(2) 3 a 2-sided inverse, for every element a~! such that a™'a = aa ! = e
(3) 3 associativity amongst the elements such that (ab)c = a(bc)

3.20. Alternatively, we can also see a group as a monoid, consisting of a 2-sided inverse of
all the elements in the underlying set.

DEFINITION 3.21 (Commutative Group). Let (G, ) be a group, then G is said to be a
commutative group if axb=0b%a, Va,b € G.

3.22. We say that a group structure (G,x) is Abelian if it is commutative. That is,
in an Abelian Group, the order of applying the group operation on the elements becomes
irrelevant. Hence, the elements have become invariant under the order of application of the
group operation.

EXAMPLE 3.23 (finite Abelian group). A group G defined as (G = {e,a,b, c},*) * , where
* : G X G — @, such that each element is self inverse and when two different elements other
than identity are multiplied, then the 3rd element, other than the identity is the result.

DEFINITION 3.24 (Order of an Element). For a group G and = € G, the order of z is
defined as the smallest positive integer n such that 2" = e, where e is the identity of G. It
is denoted as o(z).

If no positive power of x is the identity, the order of = is defined to be infinity and x is said
to be of infinite order.

3.25. An element of a group has order 1 iff it is the identity.

DEFINITION 3.26 (Order of a Group). For a discrete group G, the order of the group is
the cardinality of the underlying set. Hence, for a finite group G, its order |G| is a natural
number.

THEOREM 3.27 (Fundamental theorem of order). Let G be a group and g € G be an
element then,

(1) If |g| = oo, then g™ = ¢™ iff n = m.
(2) If |g| = k is finite, then ¢g" = g™ iff k|(n — m).

3Klein four- group
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DEFINITION 3.28 (Group Generator). A group generator is a subset of a group, such that
every element of the group can be expressed as a finite combination of elements and their
inverses. This can be expressed notationally as:

G =(S) (5)
and we say that G is generated by S or S generates G.

DEFINITION 3.29 (Relations). Any equations in a general group G that the generators
satisfy are called relations in G.

DEFINITION 3.30 (Subgroup). Consider a group G, and a subset H of G. H is a subgroup
of G, iff H also froms a group under the same operations as in G.

DEFINITION 3.31 (Normalizer). Given a subset S of the underlying set of a group G, its
normalizer consists of all the elements from G such that the left and the right action by
those elements on .S, results in the same subsets.

N(S)=Ng(S)={neG:Sn=nS}
A normalizer forms a subgroup of G.

DEFINITION 3.32 (Centralizer). Consider a group G, and a subset S of G, i.e., a subset
of it’s underlying set, then the centralizer subgroup of S in G is the subgroup of all the
elements ¢ in G which commute with all the elements of S.

Ce(S) ={ce G:cs=sc}

THEOREM 3.33. Given a subset S C G of a group G, then the centralizer subgroup of S is
a subgroup of the normalizer subgroup such that,

Ca(S) C Na(S)

DEFINITION 3.34 (Stabilizer). Consider a group G an let us define an action by the group
G on a set X for every element x € X such that,

GxX—X
Now, a stabilizer subgroup, also known as the isotropy subgroup of z is defined as the

set of all the elements in G that leave x fixed. In other words, the action stabilizes every
element of X, in other words.

Hence, a stabilizer subgroup of X consists of a set of elements under which all the elements
of X are conjugation invariant. It is represented as:

Stabg(x) ={9g € G:g9-x=x}

Now, if all the stabilizer groups are trivial, then the action is called a free action.
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THEOREM 3.35. Let a € G, and (G,-) be a finite group, then the set generated by the
power of a defined as: S = {a" :n € Z,a € G} is finite.

PROOF. Let a € G. Then, --- ,a3,a7%,a"*,a’ a',a? --- € G where, n € Z. By closure
property, the above holds. Now, (G,-) is a finite group, hence all the elements are not
distinct. Let, r < s:a” = a®, then left action by a™" gives us:

a"ad =a"a (6)

e=a"-a’°=a"" (7)

oo(a) < (s—7) (8)

The integral powers of a will result into non-distinct values. Hence, S is a finite set. OJ

THEOREM 3.36 (Cauchy’s Theorem). Let G be a finite group with order |G| € N. If a
prime number p divides |G|, then equivalently,

(1) G has an element of order p.
(2) G has a subgroup of order p.
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